Background
==========

*Cis*-regulatory circuits have been applied to model cell cycle control and other developmental processes \[[@B1],[@B2]\]. Recently, the genetic regulatory and transcriptional networks of yeast have been studied \[[@B3]-[@B8]\]. However, in order to understand the regulation of any particular gene in the network, one should study carefully how the genes in the network collectively operate with remarkable precision in response to environmental cues and the structure and function of the *cis*-regulatory circuit of the gene \[[@B7]\]. The *cis*-regulatory circuit of a gene consists of its *cis*elements, i.e., binding motifs of transcription factor (TF), and the interactions among their recognizing TFs. The *cis*elements of a gene can be considered as the information processing units in the regulatory circuit; they receive multiple inputs from the TFs that bind the *cis*elements of the gene. The output is the instruction for the transcription apparatus to determine whether the gene is to be expressed at a specific rate or to be repressed \[[@B9],[@B10]\].

A *cis*-regulatory circuit may be regarded as a control device that is called into play by the TFs that have target sites inside the promoter \[[@B14]-[@B20]\]. A well-known example is the promoter region of the developmentally regulated *endo*16 gene of the sea urchin \[[@B12]-[@B14]\]. It is about \~2300 bp in length and consists of several clusters of target sites for distinct functions. Yuh *et al.*\[[@B12]-[@B14]\] have explored the function of each subregion of the *endo*16 system and every target site within each subregion, using a *cis*-regulatory logic model.

However, a drawback of most current methods for inferring *cis*-regulatory circuits is that they rely on changing or deleting some binding site sequences (e.g., \[[@B12]-[@B14]\]), which may not provide intact functional information for reconstructing the *cis*-regulatory circuit. The deletion or mutation experiments may change or destroy the original *cis*-regulatory circuit structure. Using such data, one may lose significant interactions among transcription factors (TFs). Obviously, it is appealing to develop a method that can infer intact *cis*-regulatory circuits. Recently, there are some statistical and system level approaches to study the genome-wide transcription regulation and address cooperativity among TFs (\[[@B7]-[@B11],[@B15],[@B16]\]). Important advances have been made toward understanding transcriptional regulatory networks. One strategy infers global networks directly from whole genome microarray data, and another strategy focuses on the identification of shared *cis*elements in the promoters of co-regulated genes, signified by similar expression profiles \[[@B8]\]. In this paper we develop a new method to combine microarray data and TF-binding location data by chromatin immunoprecipitation \[[@B5],[@B18]\] to study the regulatory and interaction functions of various *cis*elements with regard to the target gene. The data of Lee *et al.*2002 \[[@B5]\] can reveal the *in vivo*physical interactions of TFs with their *cis*elements on the promoter and therefore can provide a more reliable view of functional interactions between TFs and *cis*elements. Combining these types of data and microarray data, we propose a novel cross-gene identification scheme to infer how multiple TFs coordinate to regulate gene transcription. Our approach is rather different from most existing statistical and system level methods for analyzing gene expression data. Our results show that this novel method is suitable for deciphering the complex TFs interactions and for predicting the gene expression. In addition, we also identify the dynamic regulatory functions of TFs interaction in the yeast cell cycle, which cannot be achieved by current methods.

Results
=======

Characterizing the *cis*-regulatory circuit of a gene
-----------------------------------------------------

In this study, there are two steps for characterizing the *cis*-regulatory circuit of a gene. The first is to find a cluster of genes that includes the gene of interest and a number of other genes each of which shares a subset of *cis*elements with the gene of interest. Assuming a certain regulatory function for each of the TFs that recognize the *cis*elements of genes in the cluster and certain interaction functions among the TFs of a circuit, we set up dynamic equations for the *cis*-regulatory circuits of the genes in the cluster to describe their expression profiles. Since each gene in the cluster shares some *cis*elements with the gene of interest, a matrix of *cis*elements for the cluster of genes can be constructed. In this model, the regulatory functions of individual TFs and the interactions among TFs can be estimated from microarray data. In the second step, a cross-gene identification scheme is developed with an array of expression profiles of genes in the cluster (e.g., Spellman *et al.*, 1998 \[[@B18]\]) to identify regulatory functions of the TFs and their possible interactions for each gene in the cluster; the parameters are estimated by the least square estimation algorithm.

Finally, plugging these estimated regulatory functions and interactions into the dynamic equations, one can explicitly describe the *cis*-regulatory circuit of the gene of interest.

Choice of a cluster of genes
----------------------------

As an illustration, suppose some genes of the yeast cell cycle are of interest. We find a cluster of genes for each gene of interest according to their *cis*elements found in Simon *et al.*2001 \[[@B4]\]. To simplify the analysis, we consider only the nine TFs that are currently known to be important cell cycle TFs of the yeast (i.e., Mbp1, Swi4, Swi6, Mcm1, Fkh1, Fkh2, Ndd1, Swi5, and Ace2). The cluster of genes for the gene of interest is called the reference gene cluster (RGC). In an RGC, we assume that each gene shares some *cis*elements of the gene of interest. Furthermore, the regulatory functions and the interactions of the TFs recognizing the same *cis*elements are assumed to be the same for all genes in the RGC. For example, in Figure [1a](#F1){ref-type="fig"} gene *MFA2*is the gene of interest; it causes cell cycle arrest and is essential for mating in yeast \[[@B19]\]. This gene has three main *cis*elements, Ndd1, Mcm1 and Swi5 \[[@B4]\], from which we want to reconstruct the *cis*-regulatory circuit of *MFA2*from yeast microarray data. The *cis*elements of *MFA2*are denoted as follows:

*MFA2*:{Ndd1, Mcm1, Swi5}.     (1)

![Dynamic model of the *cis*-regulatory circuit of gene *MFA2*(a) and of gene *CLB2*(b). The genome-wide TF-binding location data obtained using chromatin immunoprecipitation \[4\] is used to identify the transcription factor binding motifs (*cis*elements). A binding transcription factor *p*has a regulatory function *g*~*p*~(*t*) and interacts with other recognizing TFs to produce the regulatory functions *g*~*p*,*q*~(*t*) and *g*~*p*,*q*,*r*~(*t*). These regulatory functions are the inputs of the *cis*-regulatory circuit and generate the dynamic output (i.e., the expression profile) of the target gene. Different phases of the cell cycle are indicated by the colored bar at the right lower corner.](1471-2105-6-258-1){#F1}

Some genes chosen for the cluster and their *cis*elements are:

*YAL022C*:{Swi5}, *YAR018C*:{Ndd1, Mcm1}, *YKL163W*:{Mcm1, Swi5} \....

The cluster of genes can be represented by a connectivity matrix of *cis*elements as shown in Table [1](#T1){ref-type="table"} in which \"1\" denotes the connection of a *cis*element with a gene, while \"0\" means no connection. Similarly, the RGC for gene *CLB2*can be represented by the connectivity matrix in Table [2](#T2){ref-type="table"}.

###### 

The reference gene clusters (RGCs) of *MFA2*. Target Gene *MFA2*and the connectivities to *cis*elements.

                                                                                Fkh1   Fkh2   Ndd1   Mcm1   Ace2   Swi5   Mbp1   Swi4   Swi6                                                                     
  ----------------------------------------------------------------------------- ------ ------ ------ ------ ------ ------ ------ ------ ------ --------- ------ ------ ------ ------ ------ ------ ------ ------ ------
  *MFA2*(YNL145W)                                                               0      0      1      1      0      1      0      0      0                                                                        
                                                                                                                                                                                                                 
  **Reference genes cluster (RGC) and their connectivities to *cis*elements**                                                                                                                                    
                                                                                                                                                                                                                 
  ORF                                                                           Fkh1   Fkh2   Ndd1   Mcm1   Ace2   Swi5   Mbp1   Swi4   Swi6   ORF       Fkh1   Fkh2   Ndd1   Mcm1   Ace2   Swi5   Mbp1   Swi4   Swi6
                                                                                                                                                                                                                 
  YAL022C                                                                       0      0      0      0      0      1      0      0      0      YKL209C   0      0      0      1      0      0      0      0      0
  YAR018C                                                                       0      0      1      1      0      0      0      0      0      YLR274W   0      0      0      1      0      0      0      0      0
  YDR150W                                                                       0      0      1      0      0      0      0      0      0      YML050W   0      0      1      1      0      0      0      0      0
  YFL026W                                                                       0      0      0      1      0      0      0      0      0      YML125C   0      0      0      0      0      1      0      0      0
  YGL032C                                                                       0      0      0      1      0      0      0      0      0      YMR001C   0      0      1      0      0      0      0      0      0
                                                                                                                                                                                                                 
  YIL050W                                                                       0      0      0      0      0      1      0      0      0      YMR002W   0      0      1      0      0      0      0      0      0
  YIL129C                                                                       0      0      0      0      0      1      0      0      0      YMR253C   0      0      0      1      0      0      0      0      0
  YJL079C                                                                       0      0      1      1      0      0      0      0      0      YNL056W   0      0      1      1      0      0      0      0      0
  YJL157C                                                                       0      0      0      1      0      0      0      0      0      YNL058C   0      0      1      1      0      0      0      0      0
  YKL163W                                                                       0      0      0      1      0      1      0      0      0      YNL145W   0      0      1      1      0      1      0      0      0
                                                                                                                                                                                                                 
  YKL164C                                                                       0      0      0      1      0      1      0      0      0      YOR066W   0      0      0      1      0      0      0      0      0

###### 

The reference gene clusters (RGCs) of *CLB2*. Target Gene *CLB2*and the connectivities to *cis*elements.

                                                                                Fkh1   Fkh2   Ndd1   Mcm1   Ace2   Swi5   Mbp1   Swi4   Swi6                                                                     
  ----------------------------------------------------------------------------- ------ ------ ------ ------ ------ ------ ------ ------ ------ --------- ------ ------ ------ ------ ------ ------ ------ ------ ------
  *CLB2*(YPR119W)                                                               1      1      1      1      0      0      0      1      1                                                                        
                                                                                                                                                                                                                 
  **Reference genes cluster (RGC) and their connectivities to *cis*elements**                                                                                                                                    
                                                                                                                                                                                                                 
  ORF                                                                           Fkh1   Fkh2   Ndd1   Mcm1   Ace2   Swi5   Mbp1   Swi4   Swi6   ORF       Fkh1   Fkh2   Ndd1   Mcm1   Ace2   Swi5   Mbp1   Swi4   Swi6
  YAR018C                                                                       0      0      1      1      0      0      0      0      0      YKR013W   0      0      0      0      0      0      0      1      1
  YBR133C                                                                       0      1      0      0      0      0      0      0      0      YLR056W   0      0      0      0      0      0      0      1      1
  YBR138C                                                                       1      0      1      0      0      0      0      0      0      YLR084C   0      1      1      1      0      0      0      1      0
  YBR139W                                                                       1      0      1      0      0      0      0      0      0      YLR131C   0      1      1      1      0      0      0      0      0
  YCL063W                                                                       1      1      0      0      0      0      0      0      0      YLR190W   0      1      1      1      0      0      0      0      0
                                                                                                                                                                                                                 
  YDL227C                                                                       0      0      0      0      0      0      0      1      1      YLR209C   1      0      0      0      0      0      0      0      0
  YDR033W                                                                       0      1      1      0      0      0      0      0      0      YLR210W   1      0      0      0      0      0      0      0      0
  YDR146C                                                                       0      1      1      1      0      0      0      0      0      YLR274W   0      0      0      1      0      0      0      0      0
  YDR150W                                                                       0      0      1      0      0      0      0      0      0      YLR342W   0      0      0      0      0      0      0      1      1
  YDR224C                                                                       0      0      0      0      0      0      0      1      1      YML050W   0      0      1      1      0      0      0      0      0
                                                                                                                                                                                                                 
  YDR225W                                                                       0      0      0      0      0      0      0      1      1      YML064C   1      1      0      0      0      0      0      0      0
  YDR507C                                                                       0      0      0      1      0      0      0      1      1      YMR001C   0      0      1      0      0      0      0      0      0
  YEL017W                                                                       1      0      0      0      0      0      0      0      0      YMR002W   0      0      1      0      0      0      0      0      0
  YEL040W                                                                       0      1      0      1      0      0      0      1      1      YMR015C   1      0      0      0      0      0      0      1      0
  YER001W                                                                       0      0      0      0      0      0      0      1      1      YMR183C   1      0      0      0      0      0      0      0      0
                                                                                                                                                                                                                 
  YFL026W                                                                       0      0      0      1      0      0      0      0      0      YMR253C   0      0      0      1      0      0      0      0      0
  YGL032C                                                                       0      0      0      1      0      0      0      0      0      YMR305C   0      0      0      0      0      0      0      1      1
  YGL038C                                                                       0      0      0      0      0      0      0      1      1      YMR307W   0      0      0      0      0      0      0      1      1
  YGL116W                                                                       0      1      1      1      0      0      0      0      0      YNL056W   0      0      1      1      0      0      0      0      0
  YGR014W                                                                       0      0      0      0      0      0      0      1      1      YNL058C   0      0      1      1      0      0      0      0      0
                                                                                                                                                                                                                 
  YGR099W                                                                       1      0      0      0      0      0      0      0      0      YNL231C   0      1      0      0      0      0      0      1      1
  YGR151C                                                                       0      0      0      0      0      0      0      1      0      YNL300W   0      0      0      0      0      0      0      1      1
  YGR152C                                                                       0      0      0      0      0      0      0      1      0      YOL011W   0      0      0      0      0      0      0      1      0
  YGR153W                                                                       0      0      0      0      0      0      0      1      0      YOL030W   1      0      0      0      0      0      0      0      0
  YGR221C                                                                       0      0      0      0      0      0      0      1      1      YOL114C   0      0      0      0      0      0      0      1      1
                                                                                                                                                                                                                 
  YGR279C                                                                       0      0      0      0      0      0      0      1      1      YOR066W   0      0      0      1      0      0      0      0      0
  YHR061C                                                                       0      1      0      0      0      0      0      1      1      YOR073W   0      1      0      0      0      0      0      0      0
  YIL056W                                                                       0      1      1      0      0      0      0      1      1      YOR372C   0      0      0      0      0      0      0      1      1
  YIL121W                                                                       0      0      0      0      0      0      0      1      0      YPL032C   1      0      0      0      0      0      0      0      0
  YIL123W                                                                       0      1      0      1      0      0      0      1      1      YPL116W   1      0      0      0      0      0      0      0      0
                                                                                                                                                                                                                 
  YIL158W                                                                       0      1      1      1      0      0      0      0      0      YPL127C   0      0      0      0      0      0      0      1      1
  YJL051W                                                                       0      1      1      1      0      0      0      0      0      YPL141C   1      0      0      0      0      0      0      0      0
  YJL079C                                                                       0      0      1      1      0      0      0      0      0      YPL155C   0      1      0      0      0      0      0      0      0
  YJL157C                                                                       0      0      0      1      0      0      0      0      0      YPL163C   0      0      0      0      0      0      0      1      1
  YJL158C                                                                       0      1      1      0      0      0      0      1      1      YPL255W   0      0      0      0      0      0      0      0      1
                                                                                                                                                                                                                 
  YJR054W                                                                       0      0      0      0      0      0      0      1      1      YPL256C   0      0      0      0      0      0      0      0      1
  YJR092W                                                                       1      1      1      1      0      0      0      0      0      YPR013C   1      0      0      0      0      0      0      1      0
  YJR110W                                                                       0      1      0      0      0      0      0      0      0      YPR119W   1      1      1      1      0      0      0      1      1
  YKL096W                                                                       0      1      0      0      0      0      0      1      1      YPR149W   0      1      1      0      0      0      0      1      0
  YKL103C                                                                       0      0      0      0      0      0      0      1      0      YPR159W   0      0      0      0      0      0      0      1      1
                                                                                                                                                                                                                 
  YKL209C                                                                       0      0      0      1      0      0      0      0      0                                                                        

Dynamic modeling of *cis*-regulatory circuits
---------------------------------------------

Figure [1](#F1){ref-type="fig"} illustrates the leaky integrator-based dynamic models of the *cis*-regulatory circuits of two yeast genes (*MFA2*and *CLB2*) \[[@B1],[@B2]\]. The dynamics of gene expression can be modeled by a simple first-order nonlinear differential equation that is well established and analyzed in \[[@B17]\]; each model includes the possible regulatory functions of the individual TFs and possible interactions among the TFs. For the target gene *MFA2*(Figure [1a](#F1){ref-type="fig"}), the *cis*-regulatory circuit is modeled by the following dynamic equation

$\begin{array}{l}
{{\overset{˙}{Y}}_{MFA2}(t) = g_{\text{Ndd1}}(t) + g_{\text{Mcm1}}(t) + g_{\text{Swi5}}(t) + g_{\text{Ndd1,Mcm1}}(t) +} \\
{\,\,\,\,\,\, g_{\text{Ndd1,Swi5}}(t) + g_{\text{Mcm1,Swi5}}(t) + g_{\text{Ndd1,Mcm1,Swi5}}(t) - \lambda_{MFA2}Y_{MFA2}(t) + \varepsilon_{MFA2}(t),\text{~~~~~}\left( 2 \right)} \\
\end{array}$

where *ε*~*MFA*2~(*t*) denotes the noise (data uncertainty), *g*~Ndd1~(*t*), *g*~Mcm1~(*t*) and *g*~Swi5~(*t*) are the regulatory functions of transcription factors Ndd1, Mcm1, and Swi5 or the incident transcriptional regulations at the Ndd1, Mcm1, and Swi5 *cis*elements, respectively, *λ*~*MFA*2~represents the mRNA decay rate of the target gene and we used the degradation rate measured by Wang *et al*. 2002 \[[@B20]\]. The *g*~Ndd1,Mcm1~(*t*), *g*~Ndd1,Swi5~(*t*), *g*~Mcm1,Swi5~(*t*) and *g*~Ndd1,Mcm1,Swi5~(*t*) denote the following nonlinear interactions among the three TFs:

*g*~Ndd1,Mcm1~(*t*) =: *f*(*g*~Ndd1~(*t*), *g*~Mcm1~(*t*)),

*g*~Ndd1,Swi5~(*t*) =: *f*(*g*~Ndd1~(*t*), *g*~Swi5~(*t*)),     (3)

*g*~Mcm1,Swi5~(*t*) =: *f*(*g*~Mcm1~(*t*), *g*~Swi5~(*t*)),

and

*g*~Ndd1,Mcm1,Swi5~(*t*) =: *f*(*g*~Ndd1~(*t*), *g*~Mcm1~(*t*), *g*~Swi5~(*t*)).     (4)

The biological meaning of Equation (2) is that the change in the mRNA expression level of gene *MFA2*is due to the productions of regulatory functions of individual TFs and interactions among the TFs, i.e., *g*~Ndd1~(*t*) + *g*~Mcm1~(*t*) + *g*~Swi5~(*t*) + *g*~Ndd1,Mcm1~(*t*) + *g*~Ndd1,Swi5~(*t*) + *g*~Mcm1,Swi5~(*t*) + *g*~Ndd1,Mcm1,Swi5~(*t*), and -*λ*~*MFA*2~*Y*~*MFA*2~(*t*), which is the degradation of mRNA. Similarly, the *cis*-regulatory circuit of the target gene *CLB2*in Figure [1b](#F1){ref-type="fig"} is modeled by

$\begin{array}{l}
{{\overset{˙}{Y}}_{CLB2}(t) = g_{\text{Fkh1}}(t) + g_{\text{Fkh2}}(t) + \cdots + g_{\text{Fkh1,Fkh2}}(t) + \cdots + g_{\text{Fhk1,Fkh2,Ndd1}}(t) + \cdots\text{~~~~~}\left( 5 \right)} \\
{\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\, - \lambda_{CLB2}Y_{CLB2}(t) + \varepsilon_{CLB2}(t).} \\
\end{array}$

For simplicity, the indices of target genes and *cis*elements are denoted by numerical notation, so that the *cis*-regulatory circuit of gene *i*can be written as

${\overset{˙}{Y}}_{i}(t) = {\sum\limits_{p}^{v}g_{p}}(t) + {\sum\limits_{pq}^{}g_{p,q}}(t) + {\sum\limits_{pqr}^{}g_{p,q,r}}(t) + \cdots - \lambda_{i}Y_{i}(t) + \varepsilon_{i}(t),\text{~~~~~}\left( 6 \right)$

where *v*is the total number of *cis*elements in gene *i*and its corresponding degradation rate *λ*~*i*~measured by Wang *et al.*2002 \[[@B20]\]. If *λ*~*i*~is unavailable, it should be estimated together with the parameters *g*~*p*~(*t*), *g*~*p*,*q*~(*t*), *g*~*p*,*q*,*r*~(*t*) (see Methods). For the *cis*-regulatory circuits in Equations (2), (5) and (6), one obviously cannot estimate the multiple unknowns *g*~*p*~(*t*), *g*~*p*,*q*~(*t*), *g*~*p*,*q*,*r*~(*t*), ... by only the expression profile (i.e., *Y*~*i*~(*t*)) of the *i*^th^target gene. However, since the functions *g*~*p*~(*t*), *g*~*p*,*q*~(*t*), *g*~*p*,*q*,*r*~(*t*), ... are assumed to be the same for all genes in the RGC and since there are overlaps of *cis*elements among genes in this RGC, one can estimate these functions from an array of expression profiles *Y*~1~(*t*), *Y*~2~(*t*), ..., *Y*~*N*~(*t*) of the genes in the RGC simultaneously, taking advantage of cross information enhancement. The RGCs for *MFA2*and *CLB2*are shown in Table [1](#T1){ref-type="table"} and Table [2](#T2){ref-type="table"}, respectively. In this situation, a cross-gene identification method is proposed as follows. By integrating the dynamic equations of *cis*-regulatory circuits for *N*genes in the RGC of the gene of interest, we obtain the following array of dynamic equations

$\begin{pmatrix}
{{\overset{˙}{Y}}_{1}(t)} \\
{{\overset{˙}{Y}}_{2}(t)} \\
 \vdots \\
 \vdots \\
{{\overset{˙}{Y}}_{i}(t)} \\
 \vdots \\
 \vdots \\
{{\overset{˙}{Y}}_{N}(t)} \\
\end{pmatrix} = \begin{pmatrix}
1 & 0 & \cdots & 0 & 1 & \cdots & 0 & \cdots & 1 \\
1 & 1 & \cdots & 1 & 1 & \cdots & 1 & \cdots & 0 \\
 & \vdots & & & \vdots & & \vdots & & \vdots \\
 & \vdots & & & \vdots & & \vdots & & \vdots \\
0 & 1 & \cdots & 0 & 0 & \cdots & 0 & \cdots & 1 \\
 & \vdots & & & \vdots & & \vdots & & \vdots \\
 & \vdots & & & \vdots & & \vdots & & \vdots \\
1 & 1 & \cdots & 1 & 0 & \cdots & 0 & \cdots & 1 \\
\end{pmatrix} \bullet \begin{pmatrix}
\begin{matrix}
{g_{1}(t)} \\
{g_{2}(t)} \\
 \vdots \\
{g_{1,2}(t)} \\
{g_{1,3}(t)} \\
 \vdots \\
{g_{1,2,3}(t)} \\
 \vdots \\
\end{matrix} \\
{g_{p,q,r}(t)} \\
\end{pmatrix} - \begin{pmatrix}
{\lambda_{1}Y_{1}(t)} \\
{\lambda_{2}Y_{2}(t)} \\
 \vdots \\
 \vdots \\
{\lambda_{i}Y_{i}(t)} \\
 \vdots \\
 \vdots \\
{\lambda_{N}Y_{N}(t)} \\
\end{pmatrix} + \begin{pmatrix}
{\varepsilon_{1}(t)} \\
{\varepsilon_{2}(t)} \\
 \vdots \\
 \vdots \\
{\varepsilon_{i}(t)} \\
 \vdots \\
 \vdots \\
{\varepsilon_{N}(t)} \\
\end{pmatrix}.\text{~~~~~}\left( 7 \right)$

In the cross-gene dynamic equations in (7), the process to identify regulatory functions *g*~*p*~(*t*), *g*~*p*,*q*~(*t*) and *g*~*p*,*q*,*r*~(*t*) from microarray data *Y*~*i*~(*t*), *i*= 1, 2,\..., *N is*called the *cross-gene identification*approach, in which the regulatory functions *g*~*p*~(*t*), *g*~*p*,*q*~(*t*) and *g*~*p*,*q*,*r*~(*t*) are shared by genes in the RGC. Therefore, the estimation of the regulatory functions of one gene can also use the information from the profiles *Y*~1~(*t*), *Y*~2~(*t*), ..., *Y*~*N*~(*t*) of other genes in RGC to improve the identification ability of the regulatory functions to reconstruct the *cis*-regulatory circuit of the gene of interest, which is called *cross information enhancement*.

**Remark 1**: Suppose that the gene of interest in Equation (6) has *cis*elements *p*= 1,\..., *v*. Then all genes whose *cis*elements are subsets of these *v cis*elements are included in the same RGC of the gene of interest.

Cross-gene identification scheme
--------------------------------

Since the number of functions *g*~*p*~(*t*), *g*~*p*,*q*~(*t*), *g*~*p*,*q*,*r*~(*t*), ... is finite, we can estimate these functions if the number *N*of dynamic equations in Equation (7) is large enough. Equation (7) can be rewritten in an algebraic form

X(*t*) = A·G(*t*) + E(*t*),     (8)

where

$\text{X}(t) = \begin{pmatrix}
{{\overset{˙}{Y}}_{1}(t) + \lambda_{1}Y_{1}(t)} \\
{{\overset{˙}{Y}}_{2}(t) + \lambda_{2}Y_{2}(t)} \\
 \vdots \\
 \vdots \\
{{\overset{˙}{Y}}_{i}(t) + \lambda_{i}Y_{i}(t)} \\
 \vdots \\
 \vdots \\
{{\overset{˙}{Y}}_{N}(t) + \lambda_{N}Y_{N}(t)} \\
\end{pmatrix},\,\,\,\,\,\,\,\, G(t) = \begin{pmatrix}
{g_{1}(t)} \\
{g_{2}(t)} \\
 \vdots \\
{g_{1,2}(t)} \\
{g_{1,3}(t)} \\
 \vdots \\
{g_{1,2,3}(t)} \\
 \vdots \\
{g_{p,q,r}(t)} \\
\end{pmatrix},\,\,\,\,\,\,\,\,\text{E}(t) = \begin{pmatrix}
{\varepsilon_{1}(t)} \\
{\varepsilon_{2}(t)} \\
 \vdots \\
 \vdots \\
{\varepsilon_{i}(t)} \\
 \vdots \\
 \vdots \\
{\varepsilon_{N}(t)} \\
\end{pmatrix}$

**Remark 2**: In order to calculate the derivatives in X(*t*) from undersampled data, a cubic spline interpolation method \[[@B21],[@B22]\] is employed for curve fitting to obtain more accurate differential values and to learn more reliable models.

In Equation (8), X(*t*) can be calculated from microarray data for the RGC of the gene of interest, which can then be used to estimate the vector G(*t*) by the least squares method, leading to the following solution:

$\hat{\text{G}}(t) = {(\text{A}^{T}\text{A)}}^{\text{-1}}\text{A}^{T}\text{X}(t)\text{~~~~~}\left( 9 \right)$

for all *t*. After $\hat{\text{G}}(t)$ is estimated from Equation (9), the regulatory functions *g*~1~(*t*), ..., *g*~1,2~(*t*), ... and *g*~*p*,*q*,*r*~(*t*) in Equation (8) can be reconstructed for the genes in the RGC at every time point. If a *cis*-regulatory circuit is free of any function *g*~*p*~(*t*), *g*~*p*,*q*~(*t*), or *g*~*p*,*q*,*r*~(*t*), the value of the estimated function should be very small or zero. After the functions are estimated, they can be plugged into Equation (6) and the reconstruction of the *cis*-regulatory circuit of the gene of interest is completed. The flowchart for modeling, identifying and predicting a *cis*-regulatory circuit is shown in Figure [2](#F2){ref-type="fig"}.

![The overall flowchart of the modeling, identification and prediction of a *cis*-regulatory circuit.](1471-2105-6-258-2){#F2}

In order to obtain more accurate *cis*-regulatory circuits, the model should include the triple interactions among the recognizing TFs; i.e., the vector G(*t*) in Equation (7) should include *g*~*p*,*q*,*r*~(*t*).

**Remark 3:**If the degradation parameters *λ*~*i*~in (6) are unavailable, the estimation procedure of G(*t*) and *λ*~*i*~from equation (7) to equation (9) should be modified as in Methods.

Two application examples
------------------------

### I. The *cis*-regulatory circuit of *MFA2*

Suppose that the *cis*-regulatory circuit of the *MFA2*gene is of interest. We construct a dynamic model of the *cis*-regulatory circuits of the genes in the RGC of *MFA2*in Table [1](#T1){ref-type="table"} and then estimate the regulatory functions and interactions by the cross-gene identification scheme. The estimated transcriptional regulatory functions *g*~*p*~(*t*) and interactions *g*~*p*,*q*~(*t*) and *g*~*p*,*q*,*r*~(*t*) are shown as the insets in Figure [1a](#F1){ref-type="fig"}. These insets indicate that *cis*elements Ndd1, Mcm1 and Swi5 in *MFA2*all have cell cycle regulatory abilities in the late G1 phase. In addition, every individual *cis*element has a positive regulatory function on the *MFA2*gene; for example, the function *g*~4~(*t*) for Mcm1 has an obvious peak value in the transition phase late G1 of the cell cycle. Michaelis and Herskowitz \[[@B19]\] found that the *MFA2*gene causes the cell cycle arrest at the G1 phase and is required for mating in yeast. Note that the interaction *g*~3,6~(*t*) between TFs Ndd1 and Swi5 is very weak or absent in the cell cycle. In contrast, the interaction *g*~4,6~(*t*) between TFs Mcm1 and Swi5 is dynamic; it has a high positive peak value in the late G1 phase, which coincides with *MFA2*\'s activity phase. This interaction seems to play an important role of positive regulation in this *cis*-regulatory circuit. On the other hand, the regulatory function *g*~3,4,6~(*t*) of the interaction among TFs Ndd1, Mcm1 and Swi5 is negative on gene *MFA2*. This regulation may repress the expression of gene *MFA2*to make the expression decay to the steady state. If there is no repression function such as *g*~3,4,6~(*t*), the expression of *MFA2*will increase and may disrupt in the cell cycle.

### II. The *cis*-regulatory circuit of *CLB2*

Clb proteins are crucial cyclins for completing the G2/M transition of the mitotic cell cycle and the most typical one is the B-type mitotic cyclin Clb2, which is required for entry into mitosis \[[@B23]\]. Suppose that the *cis*-regulatory circuit of gene *CLB2*is of interest. Fkh1, Fkh2, Ndd1, Mcm1, Swi4 and Swi6 have been identified as the TFs that bind to the promoter sequence of *CLB2*\[[@B3],[@B4],[@B24],[@B25]\]. As shown in Figure [1b](#F1){ref-type="fig"}, the possible *cis*-regulatory circuit of *CLB2*is very complex. Using the cross-gene identification scheme, we reconstructed the *cis*-regulatory functions shown in Figure [3](#F3){ref-type="fig"}. Although there are 41 possible regulatory functions, including *g*~*p*~(*t*), *g*~*p*,*q*~(*t*) and *g*~*p*,*q*,*r*~(*t*), only 20 regulatory functions are found to have nonzero values (Figure [3](#F3){ref-type="fig"}).

![All estimated *cis*-regulatory functions, including the regulatory function *g*~*p*~(*t*) of each individual TF and the interactions *g*~*p*,*q*~(*t*) and *g*~*p*,*q*,*r*~(*t*) among the TFs that recognize the *cis*elements of the *CLB2*gene. The numerical notation of regulatory functions is given in the box at the bottom of the figure. Different phases in the cell cycle are indicated by the colored bar near the right lower corner.](1471-2105-6-258-3){#F3}

The two *cis*elements Fkh1 and Fkh2 are found to have very similar regulatory functions *g*~1~(*t*) and *g*~2~(*t*), in agreement with the experimental evidence that the forkhead family members Fkh1 and Fkh2 of transcription factors have overlapping roles in the control of the G2/M transition \[[@B25],[@B26]\]. The regulatory function *g*~2~(*t*) of Fkh2 has a distinct cell cycle regulatory ability (Figure [3](#F3){ref-type="fig"}) and especially, the interaction function *g*~2,3~(*t*) between Fkh2 and Ndd1 has a strong regulatory contribution to the gene expression profile in the M/G1 phase. The regulatory function *g*~4~(*t*) of Mcm1 has two peaks. There is experimental evidence that Mcm1 is a member of an evolutionarily conserved class of transcription factors that have related to DNA binding sequences and dimerization domains. In addition, Mcm1 binds the early cell cycle box (ECB) that contains a Mcm1 *cis*element in the *SWI4*, *CLN3*, *CDC6*, and *CDC47*promoters and activates M/G1-specific transcription \[[@B27]\].

The cell cycle genes that are activated during the late G1 or S phase have SBF or MBF sequence-specific transcription factors that bind the *cis*elements in their promoter region. SBF (the Swi4-Swi6 cell cycle box binding factor) is a heterodimer of Swi4 and Swi6 \[[@B3],[@B28],[@B29]\]. The regulatory functions *g*~8~(*t*) and *g*~9~(*t*) of Swi4 and Swi6 and their interaction function *g*~8,9~(*t*) are estimated using the dynamic expression model (Figure [3](#F3){ref-type="fig"}). It is well-known that neither Swi4 nor Swi6 alone has obvious cell cycle regulation ability, and indeed we found that *g*~8~(*t*) has only one peak and so shows no cycle and that *g*~9~(*t*) shows no capability of cell cycle regulation (Figure [3](#F3){ref-type="fig"}). In contrast, the combination of Swi6 and Swi4 to make the complex SBF enables the *cis*elements Swi6 and Swi4 to provide cell cycle regulation capacity; that is, the interaction function *g*~8,9~(*t*) of Swi6 and Swi4 has a peak during the G1/S phase of the cell cycle. Ndd1 and Fkh2 are bound to identical promoters throughout the cell cycle and their interaction *g*~2,3~(*t*) is an important transcriptional process targeted by the Cdk activity \[[@B24],[@B30]\]. In addition, there is another obvious positive interaction *g*~3,4,9~(*t*) among Ndd1, Mcm1, and Swi6 (Figure [3](#F3){ref-type="fig"}). It has a large regulatory ability in the G1/S phase, which almost dominates the expression profile of *CLB2*. In contrast, *g*~3,4~(*t*) has a negative regulation contribution. We therefore propose that the key factor Swi6 in the interaction *g*~3,4,9~(*t*) is similar to its role in SBF and MBF. At any rate, our model suggests that Swi6 plays a key role in the interaction among Ndd1, Mcm1, and Swi6. This is a new finding in the *cis*-regulatory circuit of *CLB2*.

We also confirm the well-known interaction among Ndd1, Fkh2, and Mcm1 in the *cis*-regulatory circuits of the *CLB2*and *SWI5*genes because the interaction function *g*~2,3,4~(*t*) has a distinct regulatory ability in the G2/M phase of the cell cycle (Figure [3](#F3){ref-type="fig"}). Interestingly, the interaction function *g*~3,4,9~(*t*) among Ndd1, Mcm1 and Swi6 is about two times higher than any of the other functions in Figure [3](#F3){ref-type="fig"}. In addition, the interaction *g*~1,3,4~(*t*) among Fkh1, Ndd1 and Mcm1 is highly positive, the interaction *g*~3,4,8~(*t*) among Ndd1, Mcm1 and Swi4 is mildly positive, while the interaction *g*~3,8,9~(*t*) among Ndd1, Swi4 and Swi6 is negative. These observations are in agreement with the fact that the regulatory ability of an interaction among TFs is usually much stronger than that of an individual TF; in other words, there is synergy among TFs.

In summary, there are many experimental observations that support the *cis*-regulatory functions identified by the dynamic model and our model provides novel insights into the quantitative regulation of the *cis*-regulatory circuit of a gene of interest.

Support from expression phases of TFs in the cell cycle
-------------------------------------------------------

In this paper, the question of why the strengths of regulatory functions in the *cis*-regulatory circuits are different in different phases of the cell cycle is investigated. Based on the mRNA expression profiles of transcription factor genes from experiments, the distribution of the expressions of the nine TF genes in the different phases of the cell cycle is shown in Figure [4](#F4){ref-type="fig"}. In support of our results, the large positive interaction functions (peaks) among a set of TFs always occur during the expression phases of the genes of the interacting TFs. For example, for the *cis*-regulatory circuit of *MFA2*(Figure [1a](#F1){ref-type="fig"}), there is an obvious peak for the function *g*~4,6~(*t*) of the interaction between TFs Mcm1 and Swi5 during the M phase, and in Figure [4](#F4){ref-type="fig"}, this peak indeed occurs during the expression phases of the two TF genes \[[@B18],[@B27]\]. As another example, for the *cis*-regulatory circuit of *CLB2*, there is a strong interaction (*g*~3,4,9~(*t*)) among Ndd1, Mcm1 and Swi6 starting from the G2 phase (Figure [3](#F3){ref-type="fig"}). We can therefore infer that the expression of a cell cycle gene in a specific phase of the cell cycle needs a specific inducing signal, which is mainly from the interactions of certain specific TFs that bind the *cis*elements of the gene.

![The gene expression phases match the main regulatory functions of TFs. It is seen that the main interaction functions of TFs have a peak value and always occur during or soon after the mRNA expression phases of the corresponding genes. For example, the gene *MFA2*has the main interaction regulatory function *g*~Mcm1,Swi5~(*t*) which has a peak during the expression phases between the TFs Mcm1 and Swi5 by identifying the *cis*-regulatory circuit. As another example, the gene *UTR2*has the main interaction regulatory function *g*~*Swi*4,*Swi*6~(*t*), which has a peak during the expression phases between the TFs Swi4 and Swi6 by identifying the *cis*-regulatory circuit. These results indicate that the main regulatory functions have a peak value phase to match the gene expression phase. Therefore, we can estimate the gene expression phase by identifying the main regulatory function. The width of a colored band in the inner circle is approximately proportional to the expression level of the TF gene of interest in the cell cycle. A pink line points to the main expression phase of a target gene in the pink box. Different phases in the cell cycle are indicated by the colored bar at the right lower corner.](1471-2105-6-258-4){#F4}

Accuracy of reconstructed *cis*-regulatory circuits
---------------------------------------------------

The accuracy of the reconstructed *cis*-regulatory circuit of a gene can be evaluated by reconstructing the expression profile of the gene using the reconstructed *cis*-regulatory circuit

${\overset{˙}{\hat{Y}}}_{i}(t) = {\sum\limits_{p}^{v}{\hat{g}}_{p}}(t) + {\sum\limits_{pq}^{}{{\hat{g}}_{p,q}(t)}} + {\sum\limits_{pqr}^{}{\hat{g}}_{p,q,r}}(t) + \cdots - \lambda_{i}{\hat{Y}}_{i}(t),\text{~~~~~}\left( 10 \right)$

where ${\hat{g}}_{p}(t)$, ${\hat{g}}_{p,q}(t)$ and ${\hat{g}}_{p,q,r}(t)$ have been estimated by the cross-gene identification scheme. The reconstructed profile and the observed profile are compared in Figure [5](#F5){ref-type="fig"}. We find that if the number of the *cis*elements of a gene is large enough, the reconstructed expression profile is very accurate; otherwise, it may be inaccurate. Fortunately, although the reconstructed expression profile is not accurate in some genes, the trend of the expression profile for a gene is always correct.

![Comparison between the actual gene expression profiles (with cubic spline) and the reconstructed gene expression profiles. The examples shown were randomly chosen. The reconstructed gene expression profiles were obtained by integrating the estimated *cis*-regulatory functions and the chromatin immunoprecipitation data. When there is only one blue line in a figure it means that the reconstructed function is very close to the actual gene expression profile. Different phases in the cell cycle are indicated by the colored bar.](1471-2105-6-258-5){#F5}

Prediction of gene expression profile
-------------------------------------

In the above, each regulatory circuit was identified using 95% of genes in its RGC, and the remaining 5% of genes in the RGC will now be used for predicting expression profiles, i.e., for cross validation. Our cross-gene identification scheme assumes that the regulatory functions of TFs are universal in the cluster of genes with similar functions. Under this assumption, our method should be able to predict the expression profiles of other genes in the same cluster that have not been employed in Equation (7) to reconstruct the *cis*-regulatory circuits. This is one way to validate our model.

In Figure [6](#F6){ref-type="fig"}, we randomly chose 100 RGCs to test the prediction accuracy; that is, for each RGC we show the prediction result for one of the unused genes. Figure [6a](#F6){ref-type="fig"} shows the predicted target gene and the mean square error (MSE) of prediction results which has the maximum of 2.055 and the minimum of 0.025. In addition, three examples of the detailed comparison between the actual and the predicted gene expression profiles are shown in Figure [6b](#F6){ref-type="fig"}. In general, the predicted profiles are satisfactory approximations of the observed expression profiles. We found that the smaller the number of the *cis*elements, the less accurate the prediction results. However, if some *cis*elements of a gene have strong regulatory functions, the expression profiles of this gene can be predicted accurately even when the number of *cis*elements is small. If some genes in the RGC have the same *cis*elements but have different observed gene expression profiles, these expression profiles will lead to poor estimation of parameters. This is the main cause of prediction error. Why does this situation arise? It may be that some *cis*elements of these genes have not yet been identified or there are some errors in the inference of the *cis*elements. For example, *MMR1*may have another *cis*element Gcr2 \[[@B5]\] and this may be why the predicted profile is quite different from the observed profile (Figure [6b](#F6){ref-type="fig"}).

![The regulatory functions integrated with ChIP-chip data to predict gene expression profiles. To test the prediction performance of our model, (a) 100 yeast cell cycle genes that have not been employed in the reconstruction of the *cis*-regulatory circuits are randomly chosen from their corresponding reference gene clusters (RGCs). The maximum mean square error (MSE) of prediction results is 2.055 and the minimum is 0.025. (b) Three examples of the comparison between the actual (blue) and the predicted (red) gene expression profiles. Different phases in the cell cycle are indicated by the colored bar.](1471-2105-6-258-6){#F6}

Discussion
==========

In contrast to current methods, our method uses all possible expression profile information from the cluster of genes to reconstruct the *cis*-regulatory circuit of a target gene. In particular, our method is capable of extracting dynamic interactions among TFs. For this reason, the analysis and interpretation of output expression profiles become straightforward. Therefore, our method has a high potential for applications such as studying variations of the *cis*-regulatory circuit of the same gene in different yeast strains to investigate the regulatory evolution of the gene.

The contributions of this study include: (1) a nonlinear dynamical model is developed for *cis*-regulatory circuits in terms of regulatory functions and interactions among TFs, (2) a cross-gene identification scheme is proposed to estimate many parameters involved in the dynamical model of *cis*-regulatory circuits from the expression profiles of genes in the reference gene cluster, (3) a detailed identification of the dynamic *cis*-regulatory abilities of TFs, which vary with time, and (4) a gene expression prediction method is developed by the proposed dynamic *cis*-regulatory circuit, assuming that the *cis*-regulatory functions of the same TFs in different circuits are the same. Three advantages of our method over current methods are that the *cis*-regulatory circuit is constructed with the circuit structure intact, that it uses the expression profiles of many genes simultaneously to obtain extra information, and that it is dynamic and quantitative.

Significantly, our model not only can confirm known regulations but also can provide conjectures for experimental verification. Consider the key positive *cis*-regulatory function *g*~4,6~(*t*) in Figure [1a](#F1){ref-type="fig"}. We propose that during the expression of gene *MFA2*, the transcription factor Ndd1 (the G2/M phase) communicates with the transcription factor Mcm1 (the M phase) to transmit a specific signal to induce the expression of the *MFA2*gene. Such conjectures from the reconstructed *cis*-regulatory circuits may be useful for studying the regulatory evolution of genes by comparing the *cis*-regulatory functions of different strains, or for predicting the gene expression behavior before conducting an experiment.

However, we found poor results in some cases. For example, in Figure [3](#F3){ref-type="fig"}, we were unable to find the basal regulatory function *g*~9~(*t*) of individual Swi6 or the interaction *g*~2,4~(*t*) between Fkh2 and Mcm1 for gene *CLB2*\[[@B31]\]. These regulatory functions have not been identified by our scheme because they have no obvious specific phase regulatory ability. Besides, from the *cis*-regulatory functions in Figures [1](#F1){ref-type="fig"} and [2](#F2){ref-type="fig"}, several *cis*-regulatory function profiles did not show a clear periodicity. A possible reason may be that the original microarray data were noisy and the use of cubic spline interpolation and linear transformation of microarray data in our scheme had introduced new noise and distortions. Most probably, the *cis*element information used to construct the *cis*-regulatory circuits under yeast cell cycle is not complete; only nine significant *cis*elements were considered in this study to reduce the complexity of the mathematical model. Another possible source of error is that we have not considered the order of the *cis*elements on the promoter region, which may affect the strength of the interaction between TFs \[[@B36]\]. Such differences, however, can be incorporated by putting, say both *g*~*p*,*q*~(*t*) and *g*~*p*,*q*,*r*~(*t*), into the model.

In view of the facts that there are uncertainties about the *cis*elements of some of the genes studied and that microarray data are noisy, it is remarkable that our method gave accurate results for the expression profiles of the majority of the cell cycle genes studied and also gave fairly accurate predictions of the expression profiles of other cell cycle genes. In the future, if better *cis*elements data and more accurate and longer gene expression profile data become available, we should be able to improve the reconstruction of *cis*-regulatory circuits. Also, our approach may be extended to reconstruct *cis*-regulatory circuits in more diverse conditions and more complex eukaryotes. After *cis*-regulatory circuits are accurately described by explicit dynamical equations, some applications will be straightforward.

Conclusion
==========

In this study, we assume that the regulatory functions of the same *cis*elements and the interaction functions among their TFs are similar across genes within the cluster of genes with overlapping *cis*elements; i.e., the regulatory functions and interaction functions are universal in this cluster of genes. Under this assumption, the cross-gene identification scheme takes advantage of cross-information enhancement to improve the accuracy of parameter estimation. The number of genes used should be large enough, so that we have a large number of outputs (i.e., their microarray data) for parameter estimation.

After the parameters of the *cis*-regulatory circuits of interest have been estimated, the circuits can be explicitly described by plugging these parameters into their corresponding dynamic equations. Moreover, these estimated functions and interactions can be used to predict the expression profiles of other genes that share the same *cis*-regulatory elements but have not been used to identify the *cis*-regulatory circuits. In this manner, we can evaluate the performance of the proposed dynamic model of *cis*-regulatory circuits. From a number of examples, we have found that the predicted results are in most cases satisfactory, confirming the validity of the proposed dynamic model of *cis*-regulatory circuits. Our modeling represents a new approach to studying *cis*-regulatory circuits from cross-gene expression data. It is a systems biology approach because we consider the regulatory circuits of many genes and many TFs at the same time and we use system identification techniques to estimate the parameters of the circuits. The results of expression prediction from experimental data suggest that our novel approach is suitable for deciphering the regulatory functions and the cooperativity of the TFs that regulate the expression of a gene.

Methods
=======

Experimental data
-----------------

To identify the *cis*-regulatory circuit of a gene of interest in the yeast cell cycle, we apply our approach to the data of Spellman *et al*. 1998 \[[@B18]\], which contains expression profiles of 6178 open reading frames (ORFs) in the yeast *Saccharomyces cerevisiae*during the cell cycle \[[@B33]\]. Our analysis was applied to the *α*-factor arrest data set. The raw data were transformed into a linear scale from the original log ratio carried out by Spellman *et al*. 1998 \[[@B18]\]. To reduce the effect of noise and to overcome undersampled microarray data in the estimation of *cis*-regulatory circuits, the cubic spline was used for data interpolation and smoothing to obtain a less sensitive first derivative of the expression pattern and to learn a more reliable model. Furthermore, the noise is modeled in the noise term *ε*~*i*~(t) in Equation (7).

From the RGC of the gene of interest, the cross-gene identification method from Equations (8) to (9) is employed to reconstruct the *cis*-regulatory circuit. The connectivity information between TFs and their target genes was obtained from the yeast cell cycle analysis \[[@B4]\]. We focused on the nine transcription factors that have been identified to play important roles in the transcription regulation of a set of yeast genes whose expressions are cell-cycle dependent; these nine transcription factors are Mbp1, Swi4, Swi6, Mcm1, Fkh1, Fkh2, Ndd1, Swi5, and Ace2 \[[@B24],[@B26],[@B27],[@B34]\] (See [additional file 1](#S1){ref-type="supplementary-material"}: Table for the original data used to perform this analysis).

Estimation of degradation rate
------------------------------

If the mRNA degradation rate *λ*~*i*~in Equation (6) has not been estimated experimentally, it should be estimated together with the parameters *g*~*p*~(*t*), *g*~*p*,*q*~(*t*), *g*~*p*,*q*,*r*~(*t*),. The algorithm to estimate the *λ*~*i*~is described as follows. First, Equation (6) is changed to

${\overset{˙}{Y}}_{i}(t) = {\sum\limits_{p}^{v}g_{p}}(t) + {\sum\limits_{pq}{g_{p,q}(t)}} + {\sum\limits_{pqr}g_{p,q,r}}(t) + \cdots - \lambda_{i}(t)Y_{i}(t) + \varepsilon_{i}(t),\text{~~~~~}\left( 11 \right)$

where *v*is the total number of *cis*elements in gene *i*, and the degradation rate is substituted as *λ*~*i*~(*t*). Similarly, since the functions *g*~*p*~(*t*), *g*~*p*,*q*~(*t*), *g*~*p*,*q*,*r*~(*t*), ... are assumed to be the same for all genes in the RGC and since there are overlaps of *cis*elements among genes in this RGC, one can estimate these functions from an array of expression profiles *Y*~1~(*t*), *Y*~2~(*t*), ..., *Y*~*N*~(*t*) of the genes in the RGC simultaneously, taking advantage of cross information enhancement. The RGCs for *MFA2*and *CLB2*are shown in Table [1](#T1){ref-type="table"} and Table [2](#T2){ref-type="table"}, respectively.

Second, by integrating the dynamic equations of *cis*-regulatory circuits for *N*genes in the RGC of the gene of interest, we obtain the following array of dynamic equations

$\begin{pmatrix}
{{\overset{˙}{Y}}_{1}(t)} \\
{{\overset{˙}{Y}}_{2}(t)} \\
 \vdots \\
 \vdots \\
{{\overset{˙}{Y}}_{1}(t)} \\
 \vdots \\
 \vdots \\
{{\overset{˙}{Y}}_{N}(t)} \\
\end{pmatrix} = \left( {\left. \begin{matrix}
1 & 0 & \cdots & 0 & 1 & \cdots & 0 & \cdots & 1 \\
1 & 1 & \cdots & 1 & 1 & \cdots & 1 & \cdots & 0 \\
 & \vdots & & & \vdots & & & & \vdots \\
 & \vdots & & & \vdots & & & & \vdots \\
0 & 1 & \cdots & 0 & 0 & \cdots & 0 & \cdots & 1 \\
 & \vdots & & & \vdots & & & & \vdots \\
 & \vdots & & & \vdots & & & & \vdots \\
1 & 1 & \cdots & 1 & 0 & \cdots & 0 & & 1 \\
\end{matrix} \right|\begin{matrix}
{- Y_{1}(t)} & 0 & & \leftrightarrow & & 0 \\
0 & {- Y_{2}(t)} & & & & \\
 & & \ddots & & & \\
 & & & & & \\
 \updownarrow & & & {- Y_{1}(t)} & & \updownarrow \\
 & & & & \ddots & \\
 & & & & & 0 \\
0 & & \leftrightarrow & & 0 & {- Y_{N}(t)} \\
\end{matrix}} \right) \bullet \begin{pmatrix}
{g_{1}(t)} \\
{g_{2}(t)} \\
 \vdots \\
{g_{1,2}(t)} \\
{g_{1,3}(t)} \\
 \vdots \\
{g_{1,2,3}(t)} \\
 \vdots \\
{g_{p,q,r}(t)} \\
{\lambda_{1}(t)} \\
{\lambda_{2}(t)} \\
 \vdots \\
 \vdots \\
{\lambda_{i}(t)} \\
 \vdots \\
 \vdots \\
{\lambda_{N}(t)} \\
\end{pmatrix} + \begin{pmatrix}
{\varepsilon_{1}(t)} \\
{\varepsilon_{2}(t)} \\
 \vdots \\
 \vdots \\
{\varepsilon_{i}(t)} \\
 \vdots \\
 \vdots \\
{\varepsilon_{N}(t)} \\
\end{pmatrix}.\text{~~~~~}(12)$

In the dynamic equations in (12), the regulatory functions *g*~*p*~(*t*), *g*~*p*,*q*~(*t*) and *g*~*p*,*q*,*r*~(*t*) are shared by genes in the RGC. Therefore, the estimation of these functions from expression profiles *Y*~1~(*t*), *Y*~2~(*t*), ..., *Y*~*N*~(*t*) can use also information from other genes to enhance our ability to reconstruct the *cis*-regulatory circuit of the gene of interest.

Finally, since the number of functions *g*~*p*~(*t*), *g*~*p*,*q*~(*t*), *g*~*p*,*q*,*r*~(*t*), ... is finite, we can estimate these functions and the decay rates *λ*~1~(*t*), *λ*~2~(*t*), ..., *λ*~*N*~(*t*) if the number *N*of dynamic equations in Equation (12) is large enough. Equation (12) can be rewritten in an algebraic form

$\widetilde{X}(t) = \widetilde{A}(t) \cdot \widetilde{G}(t) + E(t),\text{~~~~~}(13)$

where

$\widetilde{X}(t) = \begin{pmatrix}
\begin{matrix}
{{\overset{˙}{Y}}_{1}(t)} \\
{{\overset{˙}{Y}}_{2}(t)} \\
 \vdots \\
 \vdots \\
\end{matrix} \\
{{\overset{˙}{Y}}_{i}(t)} \\
\begin{matrix}
 \vdots \\
 \vdots \\
\end{matrix} \\
{{\overset{˙}{Y}}_{N}(t)} \\
\end{pmatrix},\,\,\,\,\widetilde{\text{G}}(t) = \begin{pmatrix}
\begin{matrix}
\begin{matrix}
{g_{1}(t)} \\
{g_{2}(t)} \\
 \vdots \\
\end{matrix} \\
{g_{1,2}(t)} \\
 \vdots \\
{g_{p,q,r}(t)} \\
\end{matrix} \\
{\lambda_{1}(t)} \\
{\lambda_{2}(t)} \\
\begin{matrix}
 \vdots \\
 \vdots \\
{\lambda_{N}(t)} \\
\end{matrix} \\
\end{pmatrix},\,\,\,\,\text{E}(t) = \begin{pmatrix}
\begin{matrix}
{\varepsilon_{1}(t)} \\
{\varepsilon_{2}(t)} \\
 \vdots \\
 \vdots \\
\end{matrix} \\
{\varepsilon_{i}(t)} \\
 \vdots \\
\begin{matrix}
 \vdots \\
{\varepsilon_{N}(t)} \\
\end{matrix} \\
\end{pmatrix}.$

Then, we have the following dynamic equations for all time profiles

$\begin{pmatrix}
{\widetilde{\text{X}}(t_{1})} \\
{\widetilde{\text{X}}(t_{2})} \\
 \vdots \\
{\widetilde{\text{X}}(t_{m})} \\
\end{pmatrix} = \begin{pmatrix}
{\widetilde{\text{A}}(t_{1})} & 0 & \leftrightarrow & 0 \\
0 & {\widetilde{\text{A}}(t_{2})} & & \updownarrow \\
 \updownarrow & & \ddots & 0 \\
0 & \leftrightarrow & 0 & {\widetilde{\text{A}}(t_{m})} \\
\end{pmatrix} \cdot \begin{pmatrix}
{\widetilde{\text{G}}(t_{1})} \\
{\widetilde{\text{G}}(t_{2})} \\
 \vdots \\
{\widetilde{\text{G}}(t_{m})} \\
\end{pmatrix} + \begin{pmatrix}
{\text{E}(t_{1})} \\
{\text{E}(t_{2})} \\
 \vdots \\
{\text{E}(t_{m})} \\
\end{pmatrix}.\text{~~~~~}(14)$

Let us denote the above equations in the following simple algebraic form

$\widetilde{\text{X}} = \widetilde{\Phi} \cdot \widetilde{\Theta} + \text{M}\text{.}\text{~~~~~}\text{(15)}$

In Equation (15), $\widetilde{\text{X}}$ and $\widetilde{\Phi}$ can be calculated from microarray data for the RGC of the gene of interest, which can then be used to estimate the vector $\hat{\widetilde{\Theta}}$ by the least squares method, leading to the following solution:

$\hat{\widetilde{\Theta}} = {({\widetilde{\Phi}}^{T}\widetilde{\Phi})}^{- 1}\widetilde{\Phi}\widetilde{\text{X}}.\text{~~~~~}(16)$

After $\hat{\widetilde{\Theta}}$ is estimated from Equation (16), the regulatory functions $\widetilde{\text{G}}(t)$ in Equation (13) can be reconstructed for the genes in the RGC at every time point. However, in Equation (12), the degradation rate *λ*(*t*) is a time-varying function and is affected by both the error terms and experimental data. Therefore, in order to reduce the influence on degradation rate, we simplify Equation (12) and average the negative gradients of *λ*(*t*) to obtain the constant value $\hat{\lambda}$. Then the estimated $\hat{\lambda}$ is substituted into Equation (7) to re-identify the *cis*-regulatory functions to derive the final regulatory functions. Using this procedure, we can avoid the effects of the time-varying function *λ*(*t*) on the identification process and reduce the influence by different experimental data. Hence, the degradation rate can be estimated. After the functions are estimated, they can be plugged into Equation (11) and then the reconstruction of the *cis*-regulatory circuit of the gene of interest is completed.
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###### Additional File 1

The cell cycle genes and their connectivities to *cis*elements. 769 cell cycle genes defined by Spellman *et al.*\[[@B18]\] were selected from a total of 6178 genes in the data set. \"1\" denotes the connection of a *cis*element with a gene, while \"0\" means no connection. The main *cis*element data were compiled from the data set of Simon *et al.*2001 \[[@B4]\] by choosing a *P*value (significance level) ≤ 0.0015. Under this threshold, many interactions among *cis*elements for genes confirmed by the conventional data are included \[[@B35],[@B36]\]. Additionally, we modified some *cis*element data, using well-known experimental information to correct false negatives \[[@B35],[@B36]\].

###### 

Click here for file
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